Gauge theory is the foundation of the particle physics Standard Model (SM). Considering the multiple gauge sectors for one gauge transformation, we study the generalized Abelian and non-Abelian (Yang-Mills theory) gauge theories. We first point out that the U (1) gauge theory has a few unique properties, which provide the motivations for the generalized Yang-Mills theory. Also, we consider the generalized Abelian gauge theory, and study the Higgs mechanism with new interesting properties. In addition, we propose the simple and generic generalizations of Yang-Mills theory. In the simple generalization, we realize two specific properties in the Abelian gauge theory. For applications in particle physics, we propose the invisible axion model with TeVscale Peceei-Quinn symmetry breaking. We can solve the strong CP problem, and obtain the effective decay constant around the intermediate scale. Moreover, we study the SM electroweak symmetry breaking induced from the symmetry breaking in the other gauge Sector. In particular, we can easily obtain the strong first order electroweak phase transition in the SM, which is important for electroweak baryogenesis and gravitational wave.
Introduction -There are four fundamental interactions in the Nature: stong interaction, weak interaction, electromagentic interaction (or hypercharge interaction), and gravity. The first three fundamental interactions are described by the gauge theories with groups SU (3) C , SU (2) L , and U (1) Y respectively in the Standard Model (SM). In particular, the SM particle content has been confirmed since the SM-like Higgs boson (h) with mass m h = 125.09 ± 0.24 GeV has been discovered at the LHC [1, 2] . However, the SM has some problems and then cannot be the final theory. Thus, we need to explore the new physics beyond the SM. And there are many possible directions: supersymmetry, extra gauge symmetries, dark matter, composite Higgs fields, neutrino masses and mixing from seesaw mechanism, extra dimensions, and Grand Unified Theory (GUT), etc.
In this paper, we shall take a completely different approach, and study the generalizations of the Abelian and non-Abelian (or say the Yang-Mills theory) gauge theories, which are the foundations of the SM gauge interactions. The generalized Yang-Mills theories have been studied before as follows: (i) The role of gauge fields is not only played by vector fields, but also scalar and tensor fields [3] [4] [5] [6] ; (ii) If the base space is non-commutative, the algebra of gauge transformations is a mixture of the finite-dimensional Lie algebra and the algebra of functions on the non-commutative space [7] . Here, we propose a brand new scenario: there are multiple gauge Sectors for one gauge transformation. First, we consider the Abelian U (1) gauge theory, and compare the differences between the Abelian gauge theory and Yang-Mills theory. We point out that the U (1) gauge theory has four unique properties, which provide the motivations for the generalized Yang-Mills theory. Also, we consider the generalized Abelian gauge theory, and study the Higgs mechanism for the model with two gauge Sectors. If gauge symmetry is broken in one Sector, the gauge symmetry in the other sector will be broken naturally via the tadpole term or trilinear term. In particular, the induced symmetry breaking can be strong first order. Second, we consider the generalized Yang-Mills theories. In the simple generalization of the non-Abelian gauge theory with muliple gauge Sectors for the same gauge transformation, we realize two specific properties in the Abelian gauge theory. In addition, we propose the generic generalization of the Yang-Mills theory, which cannot realize any specific property in the Abelian gauge theory. However, how to construct the non-trivial gauge invariant interactions between different gauge sectors is a big challenge. Third, we study the applications of the generalized gauge theories in particle physics. We propose the viable invisible axion model [8] [9] [10] [11] [12] [13] [14] , whose Peceei-Quinn (PQ) symmetry is broken around the TeV scale. Our axion model can still solve the strong CP problem, and has the effective decay constant around intermediate scale. Moreover, we study the SM electroweak symmetry breaking induced from the symmetry breaking in the other gauge Sector. In particular, we can easily obtain the strong first order electroweak phase transition in the SM, which is important for electroweak baryogenesis and gravitational wave. Furthemore, we point out that the deconstruction of extra dimensions [15, 16] , mirror models [17] [18] [19] [20] [21] , top color models [22] , top flavour models [23] , and top hypercharge models [24] , etc, can be realized by the generalized Abelian and non-Abelian gauge theories with multiple gauge sectors. And our proposal might be applied to the heterotic E 8 × E 8 string theory as well [25] [26] [27] [28] .
The Abelian Gauge Theory and Its generalizations -We shall consider the U (1) gauge theory and introduce the scalar particles Φ i and fermionic particles Ψ i with U (1) charges q Φi and q Ψi , respectively. The relevant Lagrangian is given by
where the gauge field strength is F µν = ∂ µ A ν − ∂ ν A µ , and the covariant deriavative is D µ = ∂ µ − igq X A µ where q X is the U (1) charge of the particle X = Φ i /Ψ i . Without loss of generality, one can choose one particle with U (1) charge equal to 1 as a normalization. In this paper, we shall not take such normalization and consider the general formalism. The Lagrangian is invariant under the following gauge transforma-
where U = e iΛ(x) . Because we shall consider Yang-Mills theory later, we will keep U/U −1 in U (1) gauge transformation. The Abelian gauge theory has the following specific properties which are different from the non-Abelian gauge theory:
(1) As long as the gauge anomalies are cancelled, the U (1) charges for the particles can take arbitrary values, which give us the charge quantization problem in the SM.
(2) For two gauge theories U (1) I and U (1) II , we can have the kinetic mixing term κF Iµν F II µν since the field strength F µν is gauge invariant. (3) The gauge anomalies can be cancelled by the GreenSchwarz mechanism or its generalization [29] . (4) The gauge symmetry can be preserved while its gauge field becomes massive via Stueckelberg mechanism [30] .
It seems to us that the third property might not be realized in the Yang-Mills theory since its field strength is not gauge invariant. The last point is very interesting, but it is still a challenge question in the non-Abelian gauge theory. Therefore, in this paper, we shall try to realize the first two properties in the generalized non-Abelian gauge theory.
Next, we shall consider the generalized U (1) gauge theory with multiple gauge Sectors. For simplicity, we consider two gauge Sectors I and II. The corresponding U (1) transformations for gauge fields, scalars and fermions as well as the covariant derivative are
where α = I, II. As long as gauge anomalies are cancelled, we can introduce the mixed Sector where the particles X M are couple to both A I and A II gauge fields. We need to introduce a mixing angle θ X M for each particles, and the U (1) transformation and covariant derivative are
where c
For simplicity, we do not consider the mixed Sector here. Redefining q X α q A α as q X α and using Abelian property, we obtain the following U (1) transformation and covariant derivative
Let us make the following rotation for two gauge fields
where
And then we obtain
Therefore, we can introduce the mass term for A µ as follows
For simplicity, we shall neglect it here. But, it can have rich physics as well. Of course, such rotation is not valid if two gauge fields obtain different masses via Higgs mechanism. In principle, if there is no interaction between two Sectors, we can consider them as two independent U (1) gauge symmetries. The non-trivial interactions between two Sectors break two U (1) gauge symmetries down to one U (1) gauge symmetry. Thus, we obtain multiple gauge fields for one gauge transformation. The interesting property is gauge symetry breaking. Let us present an simple example. We assume that in Sector II, we have a Higgs field Φ II with U (1) charge 3, which acquire a Vacuum Expectation Value (VEV) and break gauge symmetry. And then the gauge field A II µ becomes massive. In the Sector I, we introduce a Higgs field Φ 
Thus, if m 2 II < 0, Φ II acquires a VEV. And then the Higgs field Φ I 1 will obtain a VEV via the tadpole term, and the Higgs field Φ I 2 might get a VEV via the trilinear term. In particular, such trilinear term can give us strong first order phase transition, which will have important applications in the SM for electroweak baryogenesis and gravitation wave. In short, after Φ II gets the VEV, the U (1) gauge symmetry is broken in both Sectors. Moreover, we assume that in Sector I there are two fermions Ψ It is simple to generalize the scalars and fermions in the generic representations. Simialar to the above studies, we consider two gauge Sectors I and II for simplicity, and the correspoding G transformation and covariant derivative are
where A α µ = A αa µ T a , and U = e iΛ(x) with Λ(x) = Λ a (x)T a . Also, the gauge anomalies should be cancelled in each Sector. Similar to Eqs. (6), (7), and (8), we can make the same tranformation for two kinds of gauge fields. Also, we can introduce the following mass term for A µ
For simplicity, we do not consider it here, although it can have rich physics as well. Moreover, we obtain that the kinetic mixing between two kinds of gauge fields − 1 κ Tr(F Iµν F II µν ) are gauge invariant. For particles in the mixed Sector, the transformation and covariant derivative are
Thus, these particles can have arbitrarily couplings to the A I µ or A II µ gauge fields. In short, we indeed realize the first two specific properties for the Abelian gauge theory.
Next, we consider the generic generalization of the YangMills theory. Similar to the above discussions, we consider two Sectors as well as the scalars and fermions in the fundamental representation. The G transformation and covariant derivative are
where q I = q II . Without loss of generality, we can choose q I = 1, but we shall still keep the generic formalism here. In the mixed Sector, we can only have the fields in the tensor representations, but not in the fundamental and anti-fundamental representations. Also, the gauge anomalies should be cancelled in each Sector. Unlike the generalized Abelian gauge theory and the simple generlization of Yang-Mills theory, we do not have the kinetic mixing between two kinds of gauge fields − 1 κ Tr(F Iµν F II µν ), and we cannot introduce the mass term for any linear combination of two gauge fields except the Higgs mechanism with Higgs fields in the mixed sector.
For the interactions among the scalars and fermions in Sectors I and II, we need them to break the G × G global symmetry down to G. Otherwise, we might equivalently have two gauge groups G × G. This is a challenge question in this kind of theory, and definitely deserve further detailed studies. In order to have the interactions between two Sectors, we can introduce the bifundamental link fields in the mixed Sector, or simply we can consider the product of two fields which are in the fundamental and anti-fundametal representations respectively in two gauge Sectors. However, such kind of interactions will not break the additional global symmetry. Furthermore, suppose there is no interaction between two Sectors, we can choose different gauge transformations for two Sectors. For an simple example, we can choose
and thus we obtain the above simple generalization of the nonAbelian gauge theory given in Eq. (11).
Applications of the Generalized Gauge Theories in Particle Physics -With the above generalized gauge theories, we shall consider their applications in the particle physics: (I) The Strong CP Problem and TeV-Scale Invisible Axion Models. In the SM, we can introduce a CP-violating topological term for the SU (3) C gluon field strength
From the upper limits on the electric dipole moments of the neutron and 199 Hg, we obtain |θ| < 10 −10 . This fine-tuning problem is called strong CP problem, and its natural solution is the PQ mechanism [8] [9] [10] . The main idea of PQ mechanism is that we promote the θ parameter to a dynamic CP-odd Goldstone field axion from a global PQ symmetry breaking. After QCD phase transition, the axion potential is generated via instanton effect, and then we obtain θ = 0 by minimizing the potential and give mass to axion. Thus, the strong CP problem is solved. Interestingly, axion can also be a cold dark matter candidate. Right now, there are two viable invisible axion models: the Kim-Shifman-Vainstein-Zakharov (KSVZ) axion model [11, 12] , and the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) axion model [13, 14] . To be consistent with various experimental constraints and have the correct dark matter relic density, we need the PQ symmetry breaking scale around 10 11 GeV. An important question is why there exists an intermediate scale for PQ symmetry breaking. However, we cannot construct the realistic TeV-scale axion models due to the anomalous U (1) PQ symmetry and experimental constraints. Interestingly, with the generalized non-Abelian gauge theory, we can indeed solve this problem.
We consider the simple generalization of the non-Abelian gauge theory, given in Eq. (11) . We introduce two gauge fields A I µ and A II µ for SU (3) C gauge symmetry, which are respectively the SM gluon fields and new gauge fields. In other words, the SM particles belong to Sector I, and then g I = g 3 in the SM model. In Sector I, we also introduce a colored scalar XD 1 . In Sector II, we consider the KSVZ axion model, and introduce a pair of vector-like particles (XT, XT c ), the colored scalars Φ and XD 2 , as well as a SM singlet fermion χ. The SU (3) C × SU (2) L × U (1) Y quantum numbers for XD i , XT , XT c , Φ, and χ are (3, 1, −1/3), (10, 1, 0), (10, 1, 0), (6, 1, −2/3), and (1, 1, 0), respectively. Thus, the one-loop SU (3) beta function in Sector II is zero. Also, we introduce a SM singlet Higgs field S. To solve the strong CP problem, we introduce the U (1) PQ symmetry under which the SM particles and XD 1 are neutral. The U (1) PQ charges for XT , XT c , Φ, XD 2 , χ and S are 1, 1, 1, 1, −1, and −2, respectively. The relevant Lagrangian is
i are respectively the left-handed quark doublet, lepton doublet, right-handed up-type and down-type quarks, and the scalar potential is
where X = Φ, XD 1 , and XD 2 . There is one and only one SU (3) C gauge transformation due to the y terms. To avoid the proton decay, we forbid the y q ij term by lepton number conervation. After S acqiures a VEV due to negative m 2 S , the U (1) PQ symmetry is broken. The complex phase of S is the Nambu-Goldstone boson, i.e., axion. The axion obtains a mass after QCD phase transition due to instanton effect. In the original KSVZ axion model, the VEV of S is the one and only one parameter, i.e., the axion decay constant f a . In our model, we obtain
where a = ImS/ √ 2, and the axion decay constant is
Assuming g II κ ≃ 10 −4 g 3 / √ 15 as well as S ≃ 1 TeV, we obtain f a ≃ 10 11 GeV. For example, we can choose g II ≃ g 3 and κ ≃ 10 −4 / √ 15, or g II ≃ 0.1 × g 3 and κ ≃ 10 −3 / √ 15. Therefore, we indeed construct the TeV-scale invisible axion models. Furthermore, we can introduce a Z 2 symmetry under which XT c , XT , Φ, XD 2 , and χ are odd while all the other particles are even. And then χ can be a dark matter candidate.
We would like to emphasize that to escape the experimental constraints, the vector-like quarks XT and XT c must be SU (2) L × U (1) Y singlets. The simplest axion model is to introduce the vector-like quarks XD0 c and XD0 with SM quantum numbers (3, 1, 0) and (3, 1, 0) inspired from string model building [31] [32] [33] in Sector II. Because these particles are stable, to avoid the stringent experimental constraints, we require that the reheating temperature be smaller than their mass, i.e., we need low reheating temperature [33] . The detailed studies will be given elsewhere [34] . (II) Higgs Mechanism. We consider the simple generalization of the SU (2) L × U (1) gauge symmetry for two gauge sectors with gauge transformations given in Eqs. (5) and (11) . In Sector I we have the SM, i.e., W
